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In this paper, combustion process for iron particles burning in the gaseous oxidizing
medium due to radiation is investigated by three weighted residual methods (WRMs)
called Galerkin method (GM), least square method (LSM) and collocation method (CM).
The effect of thermal radiation from the external surface of burning particle and variations
of density of iron particle with temperature are considered. The solutions obtained by
WRMs techniques are compared with those of the fourth order Runge–Kutta numerical
method. Results show that LSM has the most accurate results among other WRMs. Also,
results show that by increasing the heat realized parameter (Ψ), combustion temperature
increased and it faster reaches to its constant value.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
One of the most challenging in industries is combustion of metallic particles such as iron particles. In many of industrial
applications, manufacture, process, generate, or use combustible dusts, an accurate knowledge of their explosion hazards is
essential. Many researchers have worked on estimating and modeling the particle and dust combustion such as Haghiri and
Bidbadi [1] which investigated the dynamic behavior of particles across flame propagation through a two-phase mixture
consisting of micro-iron particles and air. They considered three zones for flame structure namely preheat, reaction, and
post flame (burned) regions. Liu et al. [2] analyzed the flame propagation through hybrid mixture of coal dust and methane
in a combustion chamber. A one-dimensional, steady-state theoretical analysis of flame propagation mechanism through
micro-iron dust particles based on dust particles’ behavior with special remark on the thermophoretic force in small
Knudsen numbers is presented by Bidabadi et al. [3]. A mathematical model for analyzing the structure of flame propagating
through a two-phase mixture consisting of organic fuel particles and air is performed by Haghiri and Bidabadi [4]. In
contrast to previous analytical studies, they take thermal radiation effect in to consideration, which has not been attempted
before. Recently, Hatami et al. [5] solved the nonlinear energy equation resulted from particle combustion modeling based
on Bidabadi and Mafi’s work [6] by using differential transformation method (DTM) and BPES and they presented equations
for calculating the convective heat transfer coefficient and burning time for iron particles.
Polynomial expansion methods are extensively used in many mathematical and engineering fields to yield meaningful results
for both numerical and analytical analysis. Among the most frequently used polynomials, weighted residual methods (WRMs)er Ltd. This is an open access article under the CC BY-NC-ND license
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of the WRMs. Stern and Rasmussen [7] used collocation method for solving a third order linear differential equation. Vaferi
et al. [8] have studied the feasibility of applying of orthogonal collocation method to solve diffusivity equation in the radial
transient flow system. Recently Hatami et al. [9] used collocation and Galerkin methods for heat transfer study through
porous fins. Also least square method is introduced by Aziz and Bouaziz [10,11] for predicting the performance of
longitudinal fins. They found that least squares method is simple compared with other analytical methods. Shaoqin and
Huoyuan [12] developed and analyzed least-squares approximations for the incompressible magneto-hydrodynamic
equations also Hatami et al. [13–15], Hatami and Ganji [16–18], Hatami and Domairry [19,20] and Ahmadi et al. [21]
applied these analytical methods in different engineering problems.
Motivated by above mentioned works, this paper aims to introduce three analytical WRMs for obtaining the temperature
of iron particle during combustion, so CM, GM and LSM are applied. These methods have an excellent agreement with
numerical Runge–Kutta method; also they have very low errors without any needing to perturbation or discretization
compared to previous analytical methods in the literature.2. Problem description
As seen in Fig. 1a, consider an iron spherical particle which is combusted in the gaseous oxidizing medium due to high
reaction with oxygen. The particle is considered to be isothermal and the Biot number is small ðBiH{0:1Þ due to high value
of the thermal diffusivity of substance. In this study, a lumped system analysis is applied. When this condition is satisfied,
the variation of temperature with particle’s radius will be not sensible and can be approximated as a constant value, so the
particle’s temperature is just a function of time, T¼T(t), and it is not a function of radial coordinate, TaT(r). The
assumptions used in this modeling are [5,6]:a) The spherical particle burns in a quiescent, infinite ambient medium.
b) There are no interactions with other particles.
c) The effects of forced convection are ignored.
d) Thermo-physical properties for the particle and ambient gaseous oxidizer are assumed to be constant.
e) The particle radiates as a gray surface to the surroundings without contribution of the intervening medium.
f) The surface reaction rate is treated as temperature independent and the surface reaction area is treated as a constant
number. Also, the convection heat coefficient is assumed to be constant.
By considering the above assumptions and taking the particle into account as a thermo-dynamical system, and using the
principle of conservation of energy or first law of thermodynamics, the energy balance equation for this particle can be
written as
_Ein _Eoutþ _Egen ¼
dE
dt
 
p
ð1ÞFig. 1. (a) schematic of a combusted iron particle in gaseous media (b) the effect of particle diameter on temperature profile with WRMs.
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surface from the surrounding, _Eout is the rate of energy leaving the system by convection mechanisms on the particle’s surface
and thermal radiation which emits from the outer surface of particle, _Egen is the rate of energy generation inside the particle due
to the combustion process and equals to the released heat from the chemical reaction, and (dE/dt) shows the rate of total energy
changes in the particle. These energy terms can be calculated by following equations [3,5] (see Fig. 1a):
_Ein ¼ αsσAsT4surr ð2Þ
_Eout ¼ hconvAs TsT1ð ÞþεsσAsT4s ð3Þ
_Egen ¼ _Q comb ¼ _RpAs Δ hοcomb ð4Þ
dE
dt
 
p
¼ ρpVpcp
dTs
dt
ð5Þ
By substituting the Eqs. (2)–(5) into Eq. (1),
αsσAsT4surrðhconvAsðTsT1ÞþεsσAsT4s Þþ _RpAsΔh3comb ¼ ρpVpcp
dTs
dt
ð6Þ
Three reasonable assumptions are used to improve Eq. (6):(I) Absorptivity and emissivity of the surface are temperature and radiation wavelength-dependent. Kirchhoff’s law of
radiation reveals that the absorptivity and the emissivity of a surface at a given temperature and wavelength are equal.
ðεsCαsÞ.(II) The initial temperature of the particle at the beginning of combustion can be regarded as the initial condition. This
temperature is known as ignition temperature. ðTð0Þ ¼ TigÞ(III) The density of particle is a function of particle’s temperature, so it is considered as a linear function.
ρp ¼ ρpðTÞ ¼ ρp;1 1þβ TT1ð Þ
  By applying the above assumptions, Eq. (6) will be changed to the following,
ρp;1 1þβ TT1ð Þ
 
Vpcp
dTs
dt
þhconvAs TsT1ð ÞþεsσAs T4s T4surr
 
 _RpAs Δ hοcomb ¼ 0 ð7Þ
For solving this nonlinear differential equation, it is better to change it to a dimensionless form. So the following set of
dimensionless variables are defined,
θ¼ TTig ; θ1 ¼
T1
Tig
; θsurr ¼ TsurrTig ; ε1 ¼ βTig
τ¼ tρp;1Vpcp=hconvAsð Þ; ψ ¼
_Q comb
hconvAsTig
; ε2 ¼ εsσT
3
ig
hconv
8><
>: ð8Þ
Consequently, the nonlinear differential equation and its initial condition can be expressed in the dimensionless form as,
ε1θ
dθ
dτ
þ 1ε1θ1
 	dθ
dτ
þε2 θ4θ4surr
 
þθψθ1 ¼ 0 ð9Þ
θð0Þ ¼ 1 ð10Þ
3. Weighted residual methods (WRMs)
There existed an approximation technique for solving differential equations called the weighted residual methods
(WRMs). Suppose a differential operator D is acted on a function u to produce a function p:
DðuðxÞÞ ¼ pðxÞ ð11Þ
It is considered that u is approximated by a function ~u, which is a linear combination of basic functions chosen from a
linearly independent set. That is,
uﬃ ~u ¼ ∑
n
i ¼ 1
ciφi ð12Þ
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or residual will exist:
RðxÞ ¼Dð ~uðxÞÞpðxÞa0 ð13Þ
The notion in WRMs is to force the residual to zero in some average sense over the domain. That is:Z
X
RðxÞWðxÞ ¼ 0 i¼ 1;2;…;n ð14Þ
where the number of weight functions Wi is exactly equal the number of unknown constants ci in ~u. The result is a set of n
algebraic equations for the unknown constants ci. The main difference between these methods is type of Wi. For example,
Collocation method uses Dirac δ function and Least Square Method uses Residual method as weight functions Wi. This
difference makes various precisions for them. Three methods of WRMs are explained in the following subsections.
3.1. Collocation method (CM)
3.1.1. Mathematical formulation
In this method the weighting functions are taken from the family of Dirac δ functions in the domain. That is, Wi(x)¼
δ(xxi). The Dirac δ function is defined as:
δðxxiÞ ¼
1 if x¼ xi
0 Otherwise


ð15Þ
And residual function in Eq. (13) must force to be zero at specific points.
3.1.2. Application
In this problem, the trial function is considered as:
θðτÞ ¼ 1þc1τþc2τ2þc3τ3þc4τ4þc5τ5 ð16Þ
This trial function satisfies the boundary condition in Eq. (10). By setting it into Eq. (13) and using Eq. (9), the residual
function, R(c1,c2,c3,c4,c5,τ), will be found.
On the other hands, the residual function must be close to zero. For reaching this aim, five specific points in the domain
τA ½0;1 should be chosen. These points are:
τ1 ¼
1
6
; τ2 ¼
2
6
; τ3 ¼
3
6
; τ4 ¼
4
6
; τ5 ¼
5
6
ð17Þ
Finally by Substitutions these points into the residual function, R(c1,c2,c3,c4,c5,τ), a set of five equations and five unknown
coefficients were obtained. After solving these unknown parameters (c1, c2, c3, c4 and c5), the θ(τ) equation will be
determined. Using Collocation method for an iron particle with 20 μm diameter from Table 1, result is:
θðτÞ ¼ 1þ1:195260455τ0:6446491509τ2þ0:2424613943τ3
0:06901826199τ4þ0:01160093942τ5 ð18Þ
3.2. Least square method (LSM)
3.2.1. Mathematical formulation
If the continuous summation of all the squared residuals is minimized, the rationale behind the name can be seen. In
other words, a minimum of
S¼
Z
X
RðxÞRðxÞdx¼
Z
X
R2ðxÞdx ð19ÞTable 1
Properties and conditions for combustion of iron particles [6].
Particle diameter (μm) ε1 ε2 Ψ θ1 θsurr
20 0.051595 0.002630 0.98579 1.2 0.5
60 0.051595 0.007567 2.83636 1.2 0.5
100 0.051595 0.011493 4.30774 1.2 0.5
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must be zero. That is,
∂S
∂ci
¼ 2
Z
X
RðxÞ∂R
∂ci
dx¼ 0 ð20Þ
Comparing with Eq. (14), the weight functions are seen to be
Wi ¼ 2
∂R
∂ci
ð21Þ
However, the “2” coefficient can be dropped, since it cancels out in the equation. Therefore the weight functions for the
Least Squares Method are just the derivatives of the residual with respect to the unknown constants
Wi ¼
∂R
∂ci
ð22Þ
3.2.2. Application
Because trial function must satisfies the boundary condition in Eq. (10), so it will be considered as Eq. (16) function, and
residual will be determined as well as CM. By substituting the residual function, R(c1,c2,c3,c4,c5,τ), into Eq. (20), a set of
equation with five equations will appear and by solving this system of equations, coefficients c1–c5 will be determined. For
example, Using Least Square Method for an iron particle with 20 μm diameter, temperature profile will be:
θðτÞ ¼ 1þ1:195554797τ0:6460021330τ2þ0:2447852391τ3
0:07060334068τ4þ0:01191229537τ5 ð23Þ
3.3. Galerkin method (GM)
3.3.1. Mathematical formulation
This method may be viewed as a modification of the Least Squares Method. Rather than using the derivative of the
residual with respect to the unknown ci, the derivative of the approximating function or trial function is used. In this
method weight functions are:
Wi ¼
∂ ~u
∂ci
i¼ 1;2;…;n ð24Þ
3.3.2. Application
Now we apply GM for solving the θ(τ) function as non-dimensional temperature equation for iron microparticle’s
combustion. First, as already were described, consider the trial function as Eq. (16) which satisfies described boundary
condition in Eq. (10). Using Eq. (24) weight functions will be obtained as:
W1 ¼ τ; W2 ¼ τ2; W3 ¼ τ3; W4 ¼ τ4; W5 ¼ τ5 ð25Þ
Applying Eq. (14), a set of algebraic equations can be defined and solving this set of equations, c1 to c5 coefficients and
finally θ(τ) function for an iron 20 μm diameter will be calculated as following,
θðτÞ ¼ 1þ1:195361575τ0:6448023272τ2þ0:2419867112τ3
0:06781057540τ4þ0:01090863528τ5 ð26Þ
4. Results and discussion
As described in problem description section, the equation of combustion for a particle was introduced as Eq. (9) with
boundary condition Eq. (10). Some constant parameters for this equation are introduced in Table 1 for iron micro-particle.
For these three particle diameters, Eq. (9) is solved by CM, GM and LSM which their results are presented through Fig. 1b.
As seen in this figure, all analytical WRMs methods have very excellent agreement with numerical fourth order Runge–Kutta
technique; also these graphs reveal that when particle diameter increases, an increasing in combustion temperature due to
higher realized energy in combustion is observed. The figures indicate that the temperature of iron particle (for all sizes)
reaches to the maximum value at the end of the burning time and the chemical reaction finishes and larger particles have
higher maximum temperature than that of smaller particles. This result is similar to the experimental result presented by
Table 2
Comparison of WRMs and numerical results for iron particle with 60 μm diameter.
τ θ(τ)
Num CM GM LSM
0.0 1.00000000000000 1.000000000 1.000000000 1.000000000
0.1 1.28845129865874 1.288168478 1.288299869 1.288440873
0.2 1.54426894594464 1.543997012 1.544180751 1.544308097
0.3 1.77082072798659 1.770592912 1.770768769 1.770844789
0.4 1.97091620356410 1.970713735 1.970850874 1.970894317
0.5 2.14700926709117 2.146827550 2.146925599 2.146967995
0.6 2.30132851846671 2.301173193 2.301253845 2.301312738
0.7 2.43595443963148 2.435820527 2.435909649 2.435978767
0.8 2.55285747281118 2.552730699 2.552830958 2.552887269
0.9 2.65390868279567 2.653816403 2.653870407 2.653898086
1.0 2.74087792183501 2.741002139 2.740846084 2.740877387
Table 3
Error of three applied methods in temperature prediction for iron particle with 60 μm diameter.
τ % Error
CM GM LSM
0.0 0 0 0
0.1 0.00022 0.00012 8.1E06
0.2 0.00018 5.7E05 2.54E05
0.3 0.00013 2.9E05 1.36E05
0.4 0.0001 3.3E05 1.1E05
0.5 8.5E05 3.9E05 1.9E05
0.6 6.7E05 3.2E05 6.9E06
0.7 5.5E05 1.8E05 9.99E06
0.8 5E05 1E05 1.17E05
0.9 3.5E05 1.4E05 4E06
1.0 4.53E05 1.2E05 2E07
Fig. 2. Effect of (a) ε1 and (b) ε2 on non-dimensional temperature profile for iron particles.
M. Hatami et al. / Case Studies in Thermal Engineering 4 (2014) 24–31 29Tang et al. [22] and analytical method by Bidabadi et al. [6] and Hatami et al. [5]. Obtained data from applied methods for a
special case (dp¼60 μm) are compared in Table 2 and their errors compared to numerical method is presented via Table 3.
These tables confirm that LSM has lower among other WRMs, but all three methods are convenient and accurate. Effect of
Fig. 3. Effect of (a) surrounding temperature and (b) heat realized parameter (Ψ) on non-dimensional temperature profile for particle.
M. Hatami et al. / Case Studies in Thermal Engineering 4 (2014) 24–3130ε1 and ε2 on non-dimensional temperature profile for iron particles are shown in Fig. 2a and b, respectively. As seen,
increasing in ε1 and ε2 makes a decrease in combustion temperature due to increasing in radiation heat transfer term in the
particle (see Eq. (8)). Also it is completely evident that when ε2 is larger, combustion temperature faster reaches to its
maximum and constant value.
Surrounding temperature which particle combusted in it, is an important point for combustion temperature. From Eq. (2)
can be conducted that when energy inputs from the surrounding through radiation heat transfer, and when surrounding has
higher temperature, input energy increases and consequently temperature in combustion of particle will increases. This
effect is depicted in Fig. 3a. Fig. 3b demonstrates the effect of heat realized parameter (Ψ) on temperature profile versus
time. This is completely evident that by increasing the generated heat in the combustion, maximum combustion
temperature is increased significantly.5. Conclusion
The equation of temperature variation in combustion process for iron particles is presented in this paper. The effect of
thermal radiation from the external surface of burning particle, and alterations of density of iron particle with temperature
are considered. Due to Nonlinearity of obtained equation, analytical weighted residual methods (WRMs) and fourth order
Runge–Kutta numerical method are applied for solving the current problem. Results show that among three WRMs which
are applied, Least Square method (LSM) has the best agreement with numerical method. Also the effect of surrounding
temperature, realized heat parameter, particle diameter, and convection and radiation heat transfer parameter on iron
combustion temperature is investigated.
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